W e develop a robust method to model quadruply lensed quasars, relying heavily on the work of (Witt, 1996) , which showed that for elliptical potentials, the four image positions, the source, and the lensing galaxy lie on a right hyperbola. For the singular isothermal elliptical potential, there exists a complementary ellipse centered on the source which also maps through the four images, with the same axis ratio as the potential but perpendicular to it. We first solve for Witt's hyperbola, reducing the allowable space of models to three dimensions. We then obtain the best fitting complementary ellipse. The simplest models of quadruple lenses require seven parameters to reproduce the observed image configurations, while the four positions give eight constraints. This leaves us one degree of freedom to use as a figure of merit. We applied our model to 29 known lenses, and include their figures of merit. We then modeled 100 random quartets. A selection criterion that sacrifices 20% of the known lenses can exclude 98% of the random quartets.
Introduction
Astronomers with experience studying quadruple lenses can reliably determine, by examination of relative positions and fluxes, whether a quartet of point sources is lensed. They have trained a neural network, located between their ears, to identify such systems. With the advent of the Gaia probe, quadruple lenses are being discovered at an astonishing rate (Lemon et al., 2018) , and as evidenced by (Delchambre et al., 2018) , there is a clear necessity for robust methods to model these systems.
It is widely thought that the gravitational equipotentials that produce most quadruply lensed quasars can be reasonably approximated by concentric ellipses (Kassiola and Kovner, 1993) . The simplest models for isothermal elliptical potentials include seven parameters, and a quartet of image positions gives eight constraints (Keeton, 2001) . While that leaves one degree of freedom for use as a figure of merit, it can be difficult to find the best fitting model in that seven dimensional space.
In what follows, we lean heavily on the work of (Witt, 1996) , who finds that for elliptical potentials, the positions for all four images, the center of the lens, and the projected (but unobservable) position of the quasar all lie on an hyperbola whose asymptotes align with the potential's major and minor axes. The hyperbola gives us the position angle and restricts the positions of the lens and the source to a one dimensional locus. It reduces the dimensionality of the space to be searched from 7 to 3.
We also show that for the specific case of the singular isothermal elliptical potential, there exists an ellipse mapping through all 4 image positions, whose minor axis is aligned with the major axis of the potential, has an axis ratio inverse to the axis ratio of the potential, and is centered on the source.
We then search along Witt's hyperbola for the source position and axis ratio that minimize the scatter in the lensing strengths determined by the positions of the four quasar images. We use this scatter as our figure of merit.
In Section 2, we briefly explain gravitational lensing,
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Robust modeling of quadruply lensed quasars (and random quartets) using Witt's hyperbola E N 2M1134-2103 and discuss the importance of quadruple lenses. In Section 3, we give background into the geometry associated with the quadruple systems, and explain our method of solving for the source position and axis ratio by minimizing the scatter in the lens strength. In Section 4, we compute our proposed figure of merit with a sample of spectroscopically confirmed quadruply lensed quasars.
In Section 5, we analyze random quartets, and compare them to the known figures of merit. In Section 6, we discuss the results of the previous sections, and how they might be used to accept or reject the lensing hypothesis.
Background

Gravitational Lensing
Albert Einstein's theory of General Relativity represents gravity as the warping of space-time. Light propagates along paths called geodesics, which are a generalization of the notion of straight lines to curved spaces. When gravitational fields are not strong, one can treat the propagation of light as if there were an index of refraction proportional to the gravitational potential (Narayan and Bartelmann, 1996) . From Fermat's principle, it is known that light follows a path that is stationary in time. For everyday situations, this is the single path that takes the least amount of time for light to travel (Blandford and Narayan, 1986) . However, on the astronomical scale, a massive body such as a galaxy can warp space to the degree that multiple paths satisfy this stationary criteria, and multiple images of one source object appear. In this way, the galaxy acts as a lens," although the French have a better name for the phenomenon: mirage gravitationnel (Surdej and Surdej, 2001) .
In gravitational lensing, there are three important phenomena and their corresponding equations: time delay, deflection, and distortion. The first deals with the difference in travel time between different paths, the second with the degree to which light gets bent towards the observer, and the final with how the images are magnified and distorted. In this paper, we will only be dealing with deflection, and the associated lens equation,
where u s is the position at which the source would be in the absence of lensing, and ψ is the projected, two-dimensional gravitational potential obtained by integrating the threedimensional potential along the line of sight. The solutions of the lens equation, u i , give the positions of the images of the source. The u − u s term is also known as the deflection, since it is the difference between the observed position and the position the source would have had sans lensing. Therefore, the stronger the gradient in the potential, the greater the deflection (Blandford and Narayan, 1986 ).
Quadruple Lenses
Configurations with four images, known as quadruple lenses, are of particular interest. For example, they permit measurements of time delays (Treu and Marshall, 2016) , put constraints on cosmological parameters such as the Hubble constant (Suyu et al., 2013) , allow study of the structure of quasars (Bate et al., 2008) , offer research on Robust modeling of quadruply lensed quasars (and random quartets) using Witt's hyperbola E N DESJ0405-3308 the stellar content of the lensing galaxy through microlensing (Schechter and Wambsganss, 2004) , and can be used as a probe for gas clouds along the line of sight (Zahedy et al., 2017) . Nearly four dozen quadruply lensed quasars have been discovered since PG1115+080 (Weymann et al., 1980) , many in recent years. Gaia, whose mission is to create a detailed three-dimensional map of the Milky Way, offers a way to detect these systems (Prusti, 2018) ; it is expected to discover approximately 2900 quasars, with around 80 having two or more images (Finet and Surdej, 2016) .
All of the many applications of quadruply lensed quasars require a model for the gravitational potential. In the gravitational lensing literature, a frequently used model is the elliptical potential. Witt argues that equation (4) applies equally well to a singular isothermal sphere with external shear γ, substituting 1 + γ/1 − γ for 1/q 2 in equation (4). This is true for the special case in which the shear term in the potential is centered on the source (Witt and Mao, 1997) . When the shear term is centered on the galaxy the hyperbola is offset. One way or the other, one might model a singular isothermal sphere with shear following the approach developed below for the singular isothermal elliptical potential.
Method
Witt's Hyperbola
In Witt's paper, he assumes an elliptical potential of the form ψ = f (r), where r = x 2 + y 2 /q 2 is the equation of an ellipse with semi-major axis aligned with the x-axis of the coordinate system, and where f is an arbitrary function that describes the variation in spacing of the elliptical equipotentials. For the purposes of this paper, we will use the singular isothermal elliptical potential
where b is the lens strength, (x g , y g ) is the position of the lensing galaxy, q(< 1) is the axis ratio of the potential, and t = √ r. Note that t plays the role of a distance from the galaxy. The singular isothermal elliptical potential, hereafter SIEP, is a good approximation to the actual potentials produced by the lensing galaxy (Kassiola and Kovner, 1993) .
The lens equation for this potential is the following,
where (x s , y s ) is the (unobservable) position of the source. Witt uses only the direction of this equation, taking the ratio of the y component of the displacement vector to the x component of the displacement vector to get
Cross multiplication of (4) gives an equation of the form
(the coefficients being determined by the galaxy and source positions and the axis ratio), which happens to be a right hyperbola with asymptotes aligned with the x and y axes. It is clear that, along with the four images, the galaxy and source must lie on this curve, since they satisfy the equation above.
We can with no loss of generality take our coordinate system to be one in which the asymptotes of the hyperbola are not merely aligned with the axes but coincident with them, in which case:
where W is a constant with units of length. One must apply an arbitrary rotation and translation to Witt's hyperbola to give it the form that it takes in the observed coordinate system. If one shifts the images in the observed system system such that one image is at the origin, the equation for the hyperbola takes a simpler form, and is as follows:
We observe only the four images. The position of the source is unknown, the position of the lensing galaxy is often unknown, and even when the position of the lensing galaxy is known, the equipotentials will not have the same shape since the galaxy may not have the same orientation. The image positions are measured in a coordinate system that is rotated and translated by unknown amounts from the coordinate system in which Witt's hyperbola takes its simplest form.
Gravitational lensing requires seven parameters to model a system: the orientation θ , the two galaxy coordinates (x g , y g ), the two source coordinates (x s , y s ), the lens strength b, and the axis ratio q. Witt's hyperbola has immense power in modeling systems. It not only gives the orientation, but also describes the position of the galaxy and source by one coordinate, not two. Therefore, Witt's hyperbola reduces the dimensionality of the space to be searched from 7 to 3.
Four observed image positions suffice to determine the four unknown coefficients, c 1 − c 4 , that uniquely describe the hyperbola. If the lensing potential is not elliptical the four images will still give a hyperbola, but we would not expect the source or the galaxy to lie on it. Indeed any four points will produce a right hyperbola, so the hyperbola, by itself, does not tell us if four images are in fact lensed or whether the potential producing them is elliptical.
A Complementary Ellipse
So far, we have only used the direction of the lens equation. Taking the magnitude squared of each side of (3) and a little algebra gives the equation
This equation is important in that for the SIEP, the images appear at the intersection of Witt's hyperbola and an ellipse centered on the unlensed source position, with minor axis aligned with the major axis of the potential. The four image positions are enough to determine the four parameter values of equation (8). But as in the case of the hyperbola, any four points will produce an ellipse once we specify the orientation of the axes. However, unless the images are precisely those of a singular isothermal elliptical potential, the hyperbola determined by equation (7) and the ellipse determined by equation (8) are not consistent with each other. The source position, as determined from the ellipse, will not, in general, lie on the hyperbola.
Modeling the Singular Isothermal Elliptical Potential
As we wish to construct a self-consistent model, we chose one that is consistent with the hyperbola determined from the four images. We then find an ellipse of the form of equation (8), with the source on our hyperbola, that comes close to passing through the four images. It is evident from equation (8) that for variable sourceH position and axis ratio, each image will have an associated lens strength b i . For perfect source position and axis ratio, the b i will be equal, since the configuration is the result of one lensing strength. Therefore, minimizing the standard deviation of the logarithm of the lens strength,
where ln b = 1 4 ∑ 4 i=1 ln b i , will give the source position and axis ratio that is in this sense the best fit. In the coincident coordinate system, this is a simple, 2-dimensional minimization problem, since the y-coordinate is given by
x . As we show in Appendix A, once the source position and axis ratio are known, the galaxy position is immediately determined. In Appendix B, we show how to determine which branch of the hyperbola the source and galaxy lie on.
Considering the singular isothermal elliptical potential is only a model, albeit a very useful one, the minimum of the scatter will not be at zero. However, this is good; we can use this minimum value as a figure of merit. It can be used to determine how closely a system resembles the singular isothermal elliptical potential, offering insight as to whether a system is a lens or not.
Known Lenses
To test our method, we examined 29 known quadruple lenses and recorded their figures of merit. The average value for the figure of merit was σ ln b = 0.0531, and the standard deviation was σ σ ln b = 0.0468.
We also include three spectroscopically determined quadruply-lensed quasars, and their plots determined by our program. As seen in the plot, the hyperbola goes through all four image positions, along with the source and galaxy positions. In minimizing the scatter, you determine a source position and axis ratio, which in turn determines the ellipse. For the specific case of the singular isothermal elliptical potential, this ellipse will map through the four points; however, since the potential is only a model, this ellipse will not go perfectly through all four images for real systems, but the deviation from the image positions and the ellipse gives a visual for the scatter.
Two systems above caused trouble for our program: HE0230-2130 and PS0630-1201; the former having the largest scatter, and the latter having a galaxy position that lies outside the ellipse. Both of these systems have two lensing galaxies, so their potentials deviate from the ellipti- cal model more so than systems with one lensing galaxy, which might explain their issues. There is a natural physical limit q > 0.5 to the singular isothermal elliptical potential as an edge-on infinitely flat galaxy with a flat rotation curve produces equipotentials with q = 0.5 (Monet, Schechter, and Richstone, 1981) . Thus the models for systems with q ≤ 0.5 are very suspect. The axis ratio q = 0.49 derived for 2M1134-2103 argues against our model. (Lucey et al., 2018) find that the system is better modeled as a singular isothermal sphere with external shear γ = 0.34, among the highest known for quadruply lensed quasars.
As Witt mentioned, there is ambiguity in determining the orientation of the system. The correct orientation has the asymptotes of the hyperbola aligned with the axes, but there are two unique orientations with that property. In Appendix C, we sort out this issue. 
Random Quartets
To see how well our figure of merit discriminated between genuine lenses and random quartets, we generated 100 random quartets within the unit circle and applied our program to them. We rejected the cases that had three or more images on one branch of the hyperbola. In Figure 4 , we plot the logarithm of the scatter versus the axis ratio for our known system and random quartets that passed our criteria above. We hoped for more separation between the real and random quartets, but every model has it's downsides. The dashed box catches 24 of the 29 known lenses, as well as 2 of the 100 random quartets. So roughly, our model has a 2% false positive rate. Two percent of 80,000, which is roughly the number of quartets identified by (Delchambre et al., 2018) , is 1,600; in other words, a lot of eyeballing is still required.
The systems that lie below the box include RXJ0911+0551 and 2M1134-2103 for which external shear rather than the ellipticity of the lens is thought to dominate the quadrupole term in the potential. MG0414+0534 and PS0630-1201, also below the box, are systems for which a second lensing galaxy contributes significantly to the potential. HE0230-2130, another double lens, lies to the right of the box. While it's a shame to lose these systems, they are all pretty different from our adopted model.
It is clear from the comparison of our lensed systems and our random quartets that positions alone do not permit perfect discrimination between the two. If this discrimination does not suffice for some particular task, there is additional information that might be brought to bear on improving itthe relative fluxes of the four images.
In the absence of micro-lensing, the relative fluxes that our model parameters predict for the four images can be obtained from the distortion equation. These cannot be used directly, because micro-lensing is expected to be universal in quadruply lensed quasars (Witt, Mao, and Schechter, 1995) . (Yahalomi, Schechter, and Wambsganss, 2017) have shown how one might take micro-lensing into account in assessing the likelihood that observed flux ratios are consistent with the lens model and microlensing. One would then still need to decide how to combine the present astrometric discrimination and the photometric figure of merit.
Conclusion
We discussed the basics of gravitational lensing, and the phenomenon of quadruple lenses. We then developed a method for modeling quadruply lensed quasars through the use of Witt's hyperbola and the complementary ellipse, as well as assigning a figure of merit to potential systems. We applied this method to 29 known quadruply lensed systems and 100 random quartets, and included their figures of merit. For future systems, this figure of merit can help astronomers determine if a newly discovered system is the product of gravitational lensing, or merely a random configuration.
